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ABSTRACT 
The classification of maximal abelian subalgebras (MASAs) of o( p, 9) is reduced to 
the construction of orthogonally indecomposable (OID) MASAs. Five types of OID 
MASAs exist, and their classification amounts to an analysis of maximal abelian nilpotent 
subalgebras (MANSs) of o( p, 9), su( p’, 97, sl(n, K?), or sl( n, c). Theorems are provid- 
ed making possible the classification of all MANSs of o( p, 9), and low-dimensional 
examples are analyzed in detail. 
La classification des sous-algebres maximales abeliennes (MASA) de o( p, 9) est 
ramenee i la construction de MASA orthogonalement indecomposables (OID). Cinq 
types de MASA OID existent et leur classification conduit a une analyse des sous-algebres 
maximales abeliennes et nilpotents (MANS) de o( p, 9), su( p’, 9’). sl(n, W) ou sl(n, G). 
Des theoremes sont don&s rendant possible la classification de toutes les MANS de 
o( p, 9) et des exemples de petites dimensions sont analyses en detail. 
*Work supported in part by the Natural Sciences and Engineering Research Council of 
Canada and by the funds FCAR du Q&bee. 
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1. INTRODUCTION 
The present article is the continuation of a series on the classification and 
construction of maximal abelian subalgebras (MASAs) of classical Lie algebras. 
Here we concentrate on the pseudoorthogonal Lie algebras o( p, 9). p 2 9 > 0, 
which are of considerable interest in physical and other applications. We just 
mention that Lie groups 0( p, q) occur as the isometry groups of flat pseu- 
doeuclidean spaces M( p, 9) of d imension n = p + 9. and as groups of confor- 
ma1 transformations of the corresponding compactified spaces G( p - 1, 9 - 
1). The MASAs of o( p, 9) will provide complete sets of integrals of motion in 
involution for classical dynamical systems in M( p, 9) spaces, and additive 
quantum numbers for quantum systems in such spaces. 
For further motivation we refer to earlier articles in this series. The 
MASAs of the symplectic Lie algebras sp(Zn, W) and sp(2 n, @) were studied 
some time ago [I]. More recent articles were devoted to the MASAs of the 
pseudounitary Lie algebras [2] su( p, 9) and the complex orthogonal [3] ones 
o(n, G). In this article we shall draw upon the results of the previous ones 
[l-3] and also upon general decomposition theorems, valid for all semisimple 
Lie algebras over arbitrary fields [4, 51. 
Conceptually, the study of MASAs of a given Lie algebra is a problem 
analogous to the classification of elements of a Lie algebra. The early work on 
commutative sets of matrices [6-91 can be viewed as a study of MASAs of 
sl(n, @) or sl(n, W). Maltsev [lo], on the other hand, found the MASAs of 
maximal dimension of all simple finite-dimensional Lie algebras over the field 
of complex numbers G. Laffey’s [ll] work concerns MASAs of sl(n, G) of 
minimal dimension. Over G each simple Lie algebra has precisely one class of 
Cartan subalgebras (maximal abelian self-normalizing subalgebras) [12]. The 
Cartan subalgebras of all simple Lie algebras over the field of real numbers R 
were classified by Kostant [13] and Sugiura [14]. 
We do not restrict ourselves to any particular type of MASA, but consider 
all possibilities. The classification problem is formulated in Section 2, where 
we first reduce the problem to classifying orthogonally indecomposable (OID) 
MASAs. In the same section we show that five types of OID MASAs exist. For 
each of them the classification of MASAs can be reduced to the classification 
of maximal abelian nilpotent subalgebras (MANSs). Interestingly enough, in 
order to find all MASAs of o( p, 9) one needs to find all MANSs of sl(n, G), 
sl(n, Q, su(k, I), and o( p, 9). 
Section 3 is devoted to the simplest MANSs of o( p, 9), namely the 
so-called “free-rowed MANSs.” The more complicated “non-free-rowed 
MANSs” are discussed in Section 4, first for small values of 9, then for small 
values of an integer b in the Kravchuk signature. Low-dimensional examples 
are treated in Section 5. We show how all conjugacy classes of MASAs can be 
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obtained for p + q fixed. For p + q unspecified, we provide the methods that 
lead to a complete classification. 
In order to make the paper more accessible for the reader who wishes only 
to use the results, we have included Section 6, where the main results are 
briefly summed up. 
In all of this article we closely follow the conventions and approach used 
earlier [3] for MASAs of o( n, $2). 
2. GENERAL RESULTS ON MASA’s OF o( p, q) 
2.1. De&&ions and Formulation of the Problem 
We shall make use of the defining representations of the Lie algebra 
o( p, q) and the Lie group 0( p, q). We put p + q = n and introduce a 
metric K: 
K = KT~w”‘-, sgn K = ( p, q), (2-l) 
where sgn K denotes the signature of the real nonsingular diagonalizable 
matrix K and the superscript T denotes transposition. For X E o( p, q) and 
GE 0( p, q) we then have 
XK + KXT = 0, GKGT = K, X, GE Wnx”, 
n=p+q, paq>o. (2.2) 
DEFINITION. A MASA M of o( p, q) is a set of elements o( p, q) satisfying 
[KM] =O, cent( M, L) = M, (2.3) 
where 
cent( M, L) = ( =L=o(p,q)l[x,M] =O) (2.4 
is the centralizer of M in o( p, q). 
The problem that we are solving is to classify all MASAs M C o( p, q) into 
conjugacy classes under the action of the group 0( p, q) of inner automor- 
phisms. This could be done by specifying the form of the metric K and hence 
the general form of the matrices X and G. We find it more convenient to 
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solve an equivalent problem, namely to classify the matrix sets 
under the action of the group GL(n, W). Thus two MASAs {M, K} and 
{M’, K'} of o( p, 9) are equivalent if there exists a transformation H such that 
HMH-'= M', HKHT= K', HeGL(n,R). (2.6) 
Once a list of representatives of GL(n, R) conjugacy classes of sets {M, K} is 
obtained, a list of 0( p, 9) conjugacy classes of MASAs M C o( p, 9) is obtained 
by specifying K. 
We shall make use of the following result. 
THEOREM 2.1. lf {M, K } is a MASA of o( p, 9) when considered over R, 
then it will also be a MASA of o(n, G), n = p + 9. when considered over b2. 
Proof. This is a special case of a general theorem on the behavior of 
MASAs of semisimple Lie algebras under field extension [4,5]. H 
COMMENT. The decomposability properties of a MASA, similarly to those 
of an individual element, may change under complexification, as we shall see 
below. Moreover, inequivalent MASAs over W may become equivalent after 
complexification. 
Let US introduce some notation for further use. We shall use several 
standard matrices in Rnx”, namely I,, I,,,, H,, and J, with matrix elements 
(Zn)jk = hjk> I,,, = diag( I,, - Iy), 
(2.7) 
The types of MASA of o(n, @?) and o( p, 9) that exist are illustrated on Figure 1. 
We use the following abbreviations and terminology, corresponding to the 
same usage for individual elements [15, 161 of o( p, 9): 
- OD MASA = orthogonally decomposable MASA. All matrices in the 
set { X, K } can be simultaneously represented by block diagonal matrices, 
having the same decomposition pattern. 
- OlD MASA = orthogonally indecomposable MASA. Any MASA that is 
not OD. 
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D [0(2k,2h)] i 
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FIG. 1. Types of MASA of o( p, q) and their complex&cation to MASAs of 
o( n, q. 
- D MASA = decomposable MASA. All matrices {X) can be simultane- 
ously represented by block diagonal matrices having the same decomposition 
pattern; however, the metric matrix K cannot be thus represented. 
- ID MASA = indecomposable MASA Any MASA that is not D. 
The OD, OID but D, and OID and ID MASAs exist for both o( n, @) and 
o( p, q). For o( p, q) further refinements are needed. 
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- AOID MASA (absolutely OID). Remains OID after field extension. 
- NAOZD MASA (nonabsolutely OID). Is OID over k3 but becomes OD 
over G. 
- AID MASA (absolutely ID). Is ID over W and @Z. 
- NAID MASA (nonabsolutely ID). Is ID over R and becomes D over @. 
2.2 Decomposition Theorems and Types of MASA of o( p, 9) 
THEOREM 2.2. Every OD MASA of o( p, 9) can be represented by a matrix 
St?t 
X = diag( X,, X,, . . . , Xk), K = diag( Kp,q,, KPzqn,. . . , KPkYk), 
XjK,qi + K,,XjT = 0, Xj, K,, E i$J’j+%)xfp,+%), 
K PJqJ = K;,qj> SEP Kpjqj = ( Pjp 9j)t 
det K,, + 0, l<j<k 
5 Pi=P, 2 9i = 9, pl+q,>p,+9,2 *** >Pk+9k21, 
i=l i=l 
(2.8) 
where: 
(i) For each j, the matrix sets { Xj, K,,} represent an OlD MASA of 
o( pj, SJ); let us call it Mj. 
(ii) At most one of the MASAs Mj is a maximal abelian nilpotent subalgebra 
( MANS). 
To obtain representatives of all 0( p, 9) classes of OD MASAs of o( p, 9), we 
let Mj, for all j, run independently through all representatiues of 0( pj> 9j) 
conjugacy classes of OID MASAs of o( pj, 9j), subject to the restriction (ii). 
Conversely, each such matrix set represents a conjugacy class of OD MASAs of 
COMMENTS. 
(1) Theorem 2.2 is an adaptation 
classification of MASAs of a semisimple 
classification of OID MASAs [4, 51. 
of a general theorem reducing the 
Lie algebra with an involution to the 
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(2) A consequence of conditions (i) and (ii) is that at most one of the 
numbers pj + qj is odd, since for pj + qj odd, all OID MASAs, as we shall see 
below, are MANSs. 
We shall now further reduce the problem of classifying OID MASAs of 
o( p, q) to that of classifying MANSs of o( p, q), sl( p, W), u(k, l), or sl(k, G). As 
illustrated in Figure 1, three types of MASAs of o( n, G) exist, giving rise to one, 
two, or three types of MASAs of o( p, q), respectively. 
Let us characterize the individual types of orthogonally indecomposable 
MASAs of o( p, q). starting with those that remain in the same category after 
complexification, i.e. AOID MASAs of o( p. q). 
(1) AOID and AID MASAs. These are MANSs of o( p, q); they exist for all 
q 2 1. Their classification will be the main task of the subsequent sections. 
Under complexification they go over into MANSs of o( p + q, G). 
(2) AOlD but D MASAs. Such MASAs exist only for o( p, p). All matrices 
X E M, where M is an AOID but D MASA, can be simultaneously transformed 
into the form 
(29 
where A is an indecomposable MASA of gl( p, W), i.e., we have 
A = RI, o MANSs ofsl( p,R). 
For a classification of MANSs of sl( p, W) we refer e.g. to Suprunenko and 
Tyshkevich [9]. AOID but D MASAs of o( p, p) under complexification go into 
OID but D MASAs of o(2 p, G). 
Now let us consider OID MASAs that decompose, orthogonally or non- 
orthogonally, under complexification. 
We recall that a set M of matrices over a field F, for instance a MASA, is 
decomposable if and only if there exists an idempotent Z satisfying 
[KZ] = 0, ZEF”~“, z2 = z, z f I,O. 
Once the decomposition is realized, the matrices involved have 
(XEM) 
x= (A B)> z= (” ol)> 
(2.10) 
the form 
AeFkxk, BEF’~‘, k+ 1 = n, k,Z> 1. (2.11) 
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Let us assume that M is a MASA of o( p, q) and MC C o( n, 62) the correspond- 
ing MASA after complexification. Nonabsolute indecomposability means that 
complexification provides an idempotent that does not exist over R. This must 
necessarily involve the imaginary unit i = m represented by the matrix 
F, = 
Obviously the matrix Q can exist only if n = p + q is even. Upon complexifi- 
cation we have Q -+ Qc = diag(iIa12, - il,l2) providing the idempotents Z = 
(I i iQdl2. 
Thus a MASA M of o( p, q) will complexify into a decomposable MASA of 
o( n, @!) if for all X E M we have 
[Q, X] = 0. (2.13) 
The decomposition is orthogonal if the metric matrix K decomposes along the 
same pattern as M and Z in (2.11). In this case we have 
K= Ki = I<:, QK - KQT = 0. (2.14) 
Thus Q is an element of the corresponding Jordan algebra: Q E jo( p, q). 
The decomposition can be nonorthogonal only if p = q. We then have 
K= QK+KQT=O, (2.15) 
so that Q belongs to the Lie algebra: Q E o( p, p). 
In both cases, a MASA M c o( p, q) that changes its decomposability 
properties under complexification must belong to the centralizer of Q in 
o( P, 9): 
M C cent( 0, o( p, 9)). (2.16) 
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The centralizer of Q in gl( p + 9, W) is easy to construct, namely 
cent(Q,gl( p + 9,R)) = ([;: 1;: ;:jj -d(W), 
k= ‘+’ -, Aij= 
2 
, aij, bijeR. (2.17) 
We then construct cent(Q, o( p, 9)) as cent(Q, gl( p + 9, W)) fl o( p, 9). 
Let us continue with the MASA classification problem. 
(3) AOlD but NAID MASAs. These occur for o(2 k, 2 k) only. We choose 
K as in (2.9) so that o(2 k, 2 k) is realized as 
B = -BT, C = -CT, A, B,CER’~~‘~. (2.18) 
Intersecting with (2.17), we find 
cent(Q,o(2k,2k)) - u(k, k). 
A classification of AOID but NAID MASAs of o(2 k, 2k) is thus reduced to a 
classification of OID MASAs of u(k, k). They will have the form 
M = WQ e OID MASAs of su( k, k). (2.19) 
The corresponding classification task is lower-dimensional and was treated 
elsewhere [2]. Under complexification AOID but NAID MASAs of o(2 k, 2 k) 
go into OID but D MASAs of o(Jk, 63). 
Let us now turn to NAOID MASAs. They exist for o(2k, 24, I > 1. We 
choose the realization 
x= 
K= 
A = _ATER2kx2k , c= _cTE@4[, 
(2.20) 
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Intersecting with (2.17), we find 
cent(Q,o(2k,21)) - u(k,l). 
The classification of NAOID MASAs of 0(2k, 2 E) thus boils down to a 
classification of OID MASAs of u(k, 1). Two different types of such MASAs 
thus occur. 
(1) NAOID, ID but NAID MASAs. These occur for all k > 1 > 1. They 
have the form 
M = WQ @ MANSs of su(k, Z), (2.21) 
and under complexification they turn into OD MASAs of o( n, @). 
(2) NAOlD but D MASAs. These occur only for o(2 k, 2 k), and they arise 
from OID but D MASAs of u(k, k). To see this we transform from (2.20) to a 
different realization of o(2 k, 2 k). We put 
GXG-‘=&; A+C- (R+RT) A-C+B-BT 
A-C-B+BT A+C+B+BT i 
. (2.22) 
The NAOID but D MASAs are obtained from MANSs of gl(k, @), where 
(A+C- (B+BT)} -gl(ks), A - C = B - BT = 0. (2.23) 
The NAOID but D MASAs of o(2 k, 2 k) have the form 
M= (X= (b” _AT),K= (; ;)I> 
where 
A = l$jQZk Q MANSs of s1(2k, @). (2.25) 
They complexify to OD MASAs of o(4 k, G). 
2.3. General Results on MANSs of o( p, q) 
The most important characteristic of a MANS M of any classical Lie 
algebra is its Kravchuk signature, hereafter denoted KS [l-5, 8, 91. If we 
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represent o( p, 4) by matrices X E RnX”, n = p + q, as in (2.2), then the KS of 
a MANS of o( p, q) is a triplet of integers 
(w$ 2X+p=n, ~20, l<X<q<p. (2.26) 
For a given M the positive integer X is the dimension of the kernel of M 
and also the codimension of the image space of M. For a given signature 
(X p X) the MANS M can be transformed into Kravchuk normal form, namely 
OA Y 
K= 
A E WAX”, y = - yre @xX, SK, + K,ST = 0, 
SEWPX’, K, = K;dWXP, sgn K, = ( p - A, q - A). (2.27) 
The matrix S will be called the core of the MANS, and K, is fixed (in a 
manner to be specified below). The classification of MAN% of o( p, q) reduces 
to a classification of matrices A, S, and Y satisfying the commutativity relation 
[X, xr] = 0: 
AK A’T=A’K AT 0 0 ) AS‘ = A’S, [S,S’] = 0. (2.28) 
The classification is up to equivalence, as in Equation (2.6). 
We shall assume that M is already in the Kravchuk normal form (2.27). 
Hence we must restrict ourselves to transformations that preserve this form, 
and also the general form of K, though not necessarily that of K,. Allowed 
transformations are represented by products of matrices of the form 
/Gil 
G, = 
i 
G 
22 (G:,)-' 
i 
I G12 Gu - %2KoG:2 
G, = I - KoG:, 
I 
(2.29) 
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where G,, and G,, are nonsingular and G,, = -G:a. The induced transfor- 
mations are respectively 
A + A’ = G,,AG,‘, A-‘A’=A+G,,S, 
S + S’ = G,,SG,‘, s -+ S’ = s, 
Y + Y' = G,,YG:,, Y + Y’ = Y - G,,KOAT + AK,G;a (2.30) 
+ G,,SK,G:, 
K, --+ K;, = G,, KoG:2, K,+K;, = K,. 
As in the case of MANSs of o( n, C) [3], we shall distinguish two types of 
MANS of o( p, 4): 
(1) Free-rowed MANS. There exists a linear combination of the X rows of 
the matrix A in (2.27) that contains p free real entries. 
(2) Non-free-rowed MANS. No linear combination of the X rows of A 
contains more than p - 1 free real entries. 
We shall treat the two cases separately, the first one being much simpler 
than the second. 
3. FREE-ROWED MANS’s OF o( p, q) 
The general results on free-rowed MANSs of o( p, q) can be summed up as 
follows. 
THEOREM 3.1. A representative list of 0( p, q) conjugacy classes of free- 
rowed MANSs of o( p, q) is given by the matrix sets 
0 A Y 
0 0 -KoAT 1 , K= 
0 0 0 
y = -yTEWhXh, (3.la) 
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m= a,,..., ( 4 UjER, 
QiEWX’, QiK,= KOQT, [Qi,Q,] = 0, 91 = 1, 
Tr Qi = 0, 2 < i, k < X. (3.lb) 
The entries in m and A are free, and the dimension of M is hence 
X(h - 5) 
dimM=p+q+ 2 . (3.lc) 
The matrices Qi arefixed and according to (3.lb) form an abelian subalgebra 
of the Jordan algebra jo( p - X, q - X). A complete list of representative MANSs 
of o( p, q) is obtained by classifying the abelian subalgebras of jo( p - X q - I), 
i.e. the matrices Qi, into conjugucy classes under 0( p - X, q - A) and choos- 
ing a representative of each class. 
In the particular case of X = 2 we must impose the additional condition 
92 f 0. 
Proof. The proof is completely analogous to the one provided in [3] for 
the corresponding theorem on the MAN% of o(n, G), and we omit it here. 
However, the fact that the case h = 2 is exceptional, in that it requires the 
condition Qa # 0, was not mentioned in [3]. We use this opportunity to 
correct the omission and to add the appropriate elements to the proof of the 
Theorem 3.1. 
Let us assume that an abelian nilpotent algebra M of the form (3.1) is 
maximal among those with the same KS. The question is: is it maximal in 
where 
o( A, PL, “) = 
o( p, q)? In other words, do we have 
cent( M, o( X, a, X)) = cent( M, o( p, q)), 
OA Y 4 
0 s -l&AT Ko 
0 0 0 4 
P-2) 
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We write an element of cent( M, o( p, 4)) in the form 
Xc= (; g -$rj. (3.4) 
The commutativity condition [X, Xc] = 0 implies 
AK,ZT-Z&AT = 0, (3.5a) 
uY+ YUT = 0, (3.5b) 
AS-WA = 0. (3.5c) 
The reason why (3.5a) and (3.5b) hold separately is that in (3.la) the matrix 
Y can be chosen independently of A. The condition (3.5b) can be writ- 
ten as h(X - I)/2 conditions, in which Y is replaced by the elementary 
antisymmetric matrices Yik: 
(Yik) = Eik - Eki> (Eik)ab = 6ia6kb. 
Equation (3.5b) for Yik implies that the matrix elements of U satisfy 
uii + u,& = 0, t&i = t&k = 0, m z i, k. 
Thus, for )\ = 2, we have 
(3.6) 
(3.7) 
but for X > 3 we immediately obtain U = 0. For X = 2 we also have the 
condition (3.5c), which in view of (3.1) can be written as 
The first of these relations implies S = 0, since the left-hand side is anti- 
symmetric and the right-hand side symmetric with respect to the o( p, 9) 
involution. 
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For Qs = 0, Equation (3.8) only implies ull = u2, = 0, so that ui2 
remains free and the algebra is not maximal. For Q2 # 0 the matrices 
Q1 and Qa are linearly independent. Hence urr = uls = uzl = 0, and the 
corresponding abelian nilpotent algebra is maximal. n 
We mention that a free-rowed MANS of o( p, 9) is always a MASA, with 
the single exception of the MANS of 0(2,2) with KS (2 0 2). This MANS is 
one-dimensional and has a nontrivial centralizer in 0(2,2). For a discussion of 
this phenomenon in the context of o(4, G), see [3]. 
Notice that the dimension of a free-rowed MANS that is a MASA is always 
larger or equal to the rank of o( p, 9), i.e., dim M > [( p + 9)/2]. 
Let us now explicitly construct all MAN% of o( p, 9) with p satisfying 
0 Q p < 3. In each case we shall simply specify the entries in (3.1). 
case (1): p = 0. This case occurs only for o( p, p) with p > 3 and provides 
a single MANS with A = 0, Kc = 0, dim M = p( p - 1)/2. 
Case (2): p = 1. This occurs only for o( p, p - l), p = 2 or p 2 4, and 
provides one MANS with Q, = IZ, = 1, Qk = 0, 2 < k < X = 
p - 1, dim M = 1 + (p - l)( p - 2)/2. 
Case (3): p = 2. This occurs for o( p, p - 2) p 2 3, and o( p, p). p > 2. Let 
us consider the two cases separately. 
(a) o( p, p - 2) K, = I,. The matrix Q2 is symmetric and real, 
hence diagonalizable by an O(2) t ransformation. Since it is also 
traceless, we obtain two classes of MANS of o( p, p - 2) with 
p = 2, in which we have 
Qi = 0, 3 < i < p - 2, p 2 4 (3.9a) 
or 
Qi = 0, 2<i<p-2, p = 3 or p > 5, (3.9b) 
respectively. In both cases we have dim M = 2 + (p - 2) 
(P - 3)/2. 
(b) o( P, P). K, = H2. The relations (3.Ib) again imply that at 
most one of the matrices Qi, i 2 2, is nonzero. Using the 
known classification [16] of elements of jo( p, q), in particular 
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jo(1, l), we find that four different classes of such MANS exist 
with 
Q2=( J1 ;). ,,=(y i)> (3.10) 
respectively, and Qi = 0, 3 < i < p - 1; moreover we have 
dim M = 2 + (p - l)( p - 2)/2. The case Q2 = 0 must be 
omitted for p = 3, since then X = 2 and the algebra is not 
maximal. 
Case (4): p = 3. This occurs only for of p, p - 3) with p 2 4 and o( p, 
p - 1) with p > 3. 
(4 
(b) 
o( P, p - 3), K, = I,. The matrices Qi form a basis of an 
abelian subalgebra of jo(3). If it is a MASA, then Qz and Q3 are 
both diagonal. Otherwise we have Q3 = 0 and Qa diagonal or 
also Qa = 0. We have Qi = 0 for i > 4 and dim M = 3 + 
(P - 3)( P - 4)12. 
o( P, P - 11, K, = 12.1 or H,. The matrices Qi form the basis 
of an abelian subalgebra of jo(2,l). For a MASA of jo(2,l) both 
Q2 and Qa are nonzero; otherwise we have Qs = 0, Q2 # 0, or 
Q3 = Q2 = 0. A MASA of jo(2,l) can be OD according to the 
pattern 1 f 1 + 1, or 2 + 1. If it is OID, then it is a MANS 
with KS (1 1 1). For Qs = 0 we use the known classification 
[lS] of elements of jo(2,lf. We have dim M = 3 + ( p - 2) 
(P - 3)/2. 
The results for p = 3 are summed up in Table 1, where the last column 
indicates the values of p for which the given MANS occurs. Notice that both 
o( p, p - 3) and o( p, p - 1) have in~nitely many classes of MANS with p = 3 
for p > 5 or p > 3, respectively, since a is a continuous parameter in MANSs 
2a and 5b. 
4. NON-FREE-ROWED MANS’s OF o( p, 9) 
4.1. General Results 
As in the case of non-free-rowed MANSs of o(n, G), several different cases 
occur and must be treated separately. These are: 
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TABLE 1 
MATRICES Qi AND K, FORFREE-ROWED MANS’s OFO(~, 9)WITH p = 3 
IN KRAVCHUK SIGNATURE* 
No. Qe Q3 K” P 
1 
2a 
3 
1 
2a 
3 
4 
5b 
6 
7 
8 
9 
10 
0 
diag(l, a, - 1 - a) 
diag(l,O, - 1) 
0 
diag(1, a, - 1 - a) 
diag(l,O, - 1) 
diag(1, - 2,l) 
diag(l, - 2,l) 
1 
0 1 0 
0 0 1 
0 0 0 
o( PT P - 3) 
0 
0 
diag(0, 1, - 1) 
o( P, P - 1) 
0 
0 
0 
I,., 
Z2,l 
H3 
0 H3 
0 H3 
0 4 
diag(0, 1, - 1) 
0 0 1 
i ! 
0 0 0 
0 0 0 
0 0 1 
i ! 
0 0 0 
-1 0 0 
I 2, 1 
H3 
H3 
H3 
aQi = 0 for 4 Q i < h; we have - i < a < 1, b >, 0. 
(1) MANSs with KS (1 p 1). Th e matrix A in (2.27) then consists of a single 
row m E W1 x@. This now can be viewed as a vector space with a metric 
given by the symmetric matrix K, of (2.27). We denote the dimension of 
this vector space by pl, and the condition for the MANS to be non-free- 
rowed is 
1 <dimrn=pl<<- 1. (4.1) 
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(2) 
The correct KS is then assured by the properties of the nilpotent matrix S. 
Thus, contrary to the case of free-rowed MANSs, where we have S = 0, 
we now must have S # 0. 
MAN% with KS (hpX), X > 1. Then three types of non-free-rowed 
MAN% exist, depending on the way the correct KS is assured. The 
possibilities are: 
(a) The KS, i.e. the absence of null columns in X of (2.27) other than the 
first Xcolumns, is assured by the first h, rows in A (2 < X, < X). Such 
MANS can be constructed by first assuming S = 0, finding A, 
and then constructing all matrices S compatible with A. (The 
word “compatible” here means “not destroying the commutativity 
properties. “) 
(b) The KS is assured by the first row m of A, together with the matrix S. 
We construct such MANSs by starting from non-free-rowed MAN% 
with KS (1 p 1) and adding further rows in A compatible with the row 
m and the matrix S already constructed. 
(c) The correct KS is assured jointly by X, rows (2 < X, < 1) and the 
matrix S. These MANSs are the most diffkult ones to classify. 
The classification of non-free-rowed MANSs with KS (1 p 1) is based on the 
following theorem. 
THEOREM 4.1. A non-free-rowed MANS M of o( p, 9) with KS (1 p 1) is 
further characterized by a refined KS such that p = p1 + pz = p + 9 - 2, 
1 < pl < p - 1, with ~1~ = dim M. Every such MANS is conjugate to precisely 
one MANS of the form 
/OaO 0 
x= i 0 0 s,, - K,aT 
0 S,, s22 0 
0 0 0 0 I K= 
‘0 0 0 1 
0 K, 0 0 
0 0 K, 0 
,l 0 0 0 ~1 (4.2) 
with 
S K 22 2 +K ST =0 222 ) acWlxpl, S1*EIFX’* > s,, E RPzXPz, 
S12 = ( R’aT, . . . , ZIPPaT), RiT = RiE @PIXPI 
S,, = (T1aT,. . _ , TPzaT), T’E Wczxcl, S,, = -K,S:,K,. 
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The matrices R’ and T’ satisfy the relations 
Proof. Theorem 4.1, upon complexification of the ground field, goes over 
into Theorem 4.1 and 4.2 of [3] on MANSs of o( n, @?) and can be proven in 
exactly the same manner. We omit the proof here. H 
An essential part of the statement is that the row space M is nondegener- 
ate with respect to the metric Ko = diag( K,, K,), i.e., the space is spanned by 
an orthogonal basis (with respect to Kc) not containing any isotropic vectors 
and having a signature 
sgn m = (p+, P-), CL++ CL-= /.Q. (4.3) 
When applying Theorem 4.1, it must be remembered that the matrix S is 
nilpotent, and the maximality of the algebra M given by (4.2) must be checked 
by verifying that the centralizer cent( M, o( p, q)) coincides with M. 
When constructing representatives of conjugacy classes of MANSs, we 
often find it convenient to choose equivalent but unequal forms of ( X, K} to 
those given in (4.2). 
4.2 Non-Free-Rowed MAN% of o(p, q) for Small Values of q 
4.2.1. o(p, 2). 
THEOREM 4.2. The algebra o( p, 1) has no non-free-rowed MANS. 
Proof. The matrix K, in (2.27) can be chosen to be K, = I,_ 1. The 
matrix S is real, antisymmetric, and nilpotent; hence S = 0. The only possible 
KS is (1 ( p - 1) 1) and for S = 0 requires that the row m be free. n 
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4.2.2. o(p, 2). 
THEOREM 4.3. The algebra o( p, 2) has a single 0( p, 2) conjugacy class of 
non-free-rowed MANSs for p > 3 and none for p = 2. The KS is (1 p 1); the 
dimension is p - 1. A representative of this class can be chosen in the form 
O:aorO b:O . . . . . . . . .._ . . . . . . . . . . . 
.O 0 a O.-b 
K, = , (4.4) 
0 : -a . . . . . . . . . . . . . . . . . . . . . . 
. o/ 
with (Y E WpP3. Upon complexification the MANS (4.4) goes into the MANS 
(4.37) of [3] for n = p + 2. 
Proof. Let us first fix h = 1 and write X in (2.27) in the form 
x= 
where a, b E R must be free entries, /3, y E R P-s, S, E o( p - 2). With no loss 
of generality, /3 (which is not completely free) can be chosen in the form 
/3 = (01 0), where a E Rk with k < p - 3. Moreover, S, E o( p - 2) and nil- 
potent implies S, = 0. To assure commutativity, it is easy to see that y = 
(0 v a), where v = (1 0 e* * 0) E RPP2-‘. Finally if p - 2 - k > 1, we 
have a wrong KS. This implies k = p - 3 and the form (4.4) for X. 
For h = 2, X takes the form (2.27) with S = 0 and 
A = ( tN JM), agWk, k <p - 3, N = NTeWkxk, MER’~(P-~-~). 
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This algebra is not maximal, since the centralizer contains the element X, of 
the form (2.27) with 
A, = s = 0. 
We have proved that no non-free-rowed MANS with KS (2 p 2) exists for 
o( P, 2). n 
4.2.3. o(p. 3). In this case MANSs appear for all possible values of X, i.e. 
X = 1,2,3. In fact, complete results are obtained for h = 1 and X = 2, but 
only partial ones for h = 3. First we take A = 1 and the metric K, in (2.27) as 
H2 
K, = 
( 1 
$-3 . (44 
H2 
The results can then be summed up as follows: 
THEOREM 4.4. There are two conjugacy classes of MANS of o( p, 3), p 2 3, 
tithKS(l(p+l)l)andd imension M = p. These are given in the form 
O:aca EC b:O‘ . . . . . . . . . . . . . . . . . . . . . . . . . . 
10 a 0 -Efl 0 * -b 
0 0 0 Ea: -&EC 
x, = 0 0 o;-CL &= +l, (4.6) 
0 -a f -c 
0 1 -a . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
. 0, 
where cr E R PP3 is completely free. Upon complexification both MAN% (4.6) go 
into the MANS (4.37) of [3] (for n = p + 3). 
There are two conjugacy classes of MANSs of o( p, 3), p > 4, with KS 
(1 ( p + 1) 1) and dimension M = p - 1. They take the form 
x, = 
‘0:a 0 . . . . . . . . 
10 a 
0 
. . . . . . . . 
c a 
‘d . ‘6 
0 G 0 
0 
0 . . . . 
-C 
0 
-a 
0 
0 
b: 0‘ . . . . . . . . . . . 
0 . -b 
. 0 
; : -_c 
0 :-,-J 
-a: 0 
0 : --a . . . . . . . . . . . 
.o, 
(4.7) 
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where LY E R PP4 ( p 2 4) is completely free, and 
x, = 
D:a 
. :. . 
:o 
. . . . . 
c 
. . 
0 
0 
P 
0 
0 
0 
. . 
0 
. . . . 
b: 0 
. . . f :. . . . 
0 : -b 
0 : -d 
0 :-fiT 
-a: 0 
0 : 0 
0 -c : 
0 . -a . . . . . . . . . . 
* 0 
(4.8) 
where /~EWP-~ ( p 2 5) is completely free. Note that they differ by the 
signature of the vector m: for X, in (4.7), we have sgn m = ( p - 2, l), and for 
X, in (4.8), sgn m = (p - 3,2). 
Finally, there is a family parametrized by u, v, w E R, v # 0, of MAN% of 
o( p,3) (p > 6) with KS (l(p + 1) 1) w h ose dimension is equal to p - 2. An 
element can be written in the form 
x= 
):a c p 0 
:. . . . . . . . . . . . 
:O 0 0 a 
0 0 0 
0 0 
0 
0 
. . 
x 
C 
0 
0 
0 
0 
. 
d b: 0 
. . . . . . :. . . . 
0 0 : -b 
0 0 : -d 
0 0 :-p’ 
0 -a. 0 
-c -x: 0 
-2 -y: 0 
0 0 : -c 
0 1 -a 
. . . .:. . . 
. 0 
(4.9) 
where 0 E R PP6 is completely free, and x = (v2 - ~)a, y = ua + DC, 
z = vu + WC. 
This completes the list of MAN% with KS (1 ( p + 1) 1). This means that 
there is no such MANS of dimension less than p - 2. The proof consists of a 
straightforward calculation of the centralizer, and we omit it here. 
Secondly we take X = 2 and the metric K, in (2.27) as 
1 
K, = 
i 1; I p-3 1 (4.10) 
the result is 
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THEOREM 4.5. Two nonequivalent series of MAN% of o( p, 3) with KS 
(2 ( p - 1) 2) exist for p 2 5, and none exist for p < 5. Their dimension is 
p - 2. One is represented by the matrix sets 
I 
0 0: a @I & 0 b : 0 Y 
0 :O 0 &M 0 0 : -y 0 
. . . . . . . . . . . . . . . . . . . . . . ..<........... 
-0 0 0 a O.-b 0 
x,k= : 
0 0 0 0 ;-p: 0 
0 0 0:-p; -MD; ’ (4b11a) 
0 10 -a 0 
01-a 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
. 0 0 
0 \ 
where a, bE R, &E R1x(p-k-4), &E Rlxk, 1 < k < p - 4, and a, b, PI, & 
are free. The mutrix ME Rkxk is 
The other series is represented by 
. . 
. . 
O:a 
. . . . . . 
c 01 
a 0 
. . . . . 
0 0 
0 0 
0 
. . . . . 
& 0 b;O 
P,M 0 c : -Y 
. . . . . . . . . . . . . . . . . . 
0 0 . -b 
0 ; 0:-c 
0 0 0:-p: 
0 0 O.-p: 
0 -a: 0 
0 1 -a . . . . . . . . . . . . . . . . . . 
. 0 
Y 
0 
. . . . 
-C 
-a 
0 
- MP;I 
0 
0 . . . . 
0 
0 
(4.11b) 
, (4.12) 
wbe ,+&WP-W, fizERlxk (0 < k < p - 5) are completely free. The 
matrix ME Wkxk is the same as in (4.11b). 
The list of MAN% with KS (2 (p - 1) 2) is now complete, and this means 
that there exists no such MANS of dimension less than p - 2. We again omit 
the proof. 
Finally, let us give partial results for X = 3. 
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THEOREM 4.6. Non-free-t-owed MAN% of o( p, 3) with KS (3 ( p - 3) 3) 
existonlyforp~7an4ifor~,>,~(p-3). 
Proof. The metric K, in (2.27) is chosen as K, = lp_3, and the first row 
of A is taken as the vector m = (a 0), where OL E WPl, p1 = p - 3 - k. It is 
then easy to see that S = 0 and A will take the form 
M,, M2~RplX*1, NI, N2~@Wk, k = p - 3 - j.~, 1 < k> (4.13) 
[Ml, M,] = N,N: - N,N;, Mi = MT, Tr Mi = 0. (4.14) 
This assures the abelian character of the subalgebra. In order to assure 
maximality, we have to show that the centralizer satisfies cent M = M. This 
means that if we take X’ in the form (2.27) with S = 0, Y = 0, and 
x, Z,zLERk, Y, tEEi”, (4.15) 
the condition [X’, X ] = 0 must imply x = y = z = t = u = 0. This condition 
[X’, X] = 0 is equivalent to 
y = xN;, (4.16a) 
t = xN,T, (4.16b) 
x( N:M, - N;MI) - UN; + zN2’ = 0. (4.16~) 
Equation (4.16~) implies x = u = z = 0 and hence y = t = 0 if and only if 
(4.17) 
(number of equations > number of unknowns) and 
rank NI 
( 
N, M,N, - M,N,) = 3k. (4.18) 
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The condition (4.17) is easily transformed to give 1 < k < ( p - 3)/4 and then 
Pi 2 3( p - 3), p < 7. n 
In order to describe all the MAN!% of this type, we must analyze the 
condition (4.18) together with (4.14). We will only give an example where this 
case can appear. For 0(7,3) such a MANS exists when pL1 = 3 and can take the 
form (4.13) with 
M, = 
-- 
(; -)x ii). M2= I”. ” ‘,’ 
\ d 0 -b-c 
N:=(l 0 o),N:=(O 1 O), 
a,b,c,dEW, a,d#O. (4.19) 
4.3. Non-Free-Rowed MAN% of o(p, q) with Small Values of p in the KS 
4.3.1. Kravchuk Signature (1 p 1). All non-free-rowed MAN!& have been 
found above for q < 3. This takes care of all cases of KS (1 p 1) with p < 5. In 
order to be able to present all MANSs of o( p, q) algebras with p + q < 8 we 
need still to consider 0(4,4) and the KS (16 1). 
In order to relate the o( p, q) results to o( n, G) results of [3], we mention 
that the MANS of o( p, 2) with KS (1 p 1) given in Equation (4.4) complexifies 
to A(5,0), A(5, l), M(7), and M(8) of Table 2 in [3] for p = 3, 4, 5, and 6, 
respectively. Similarly, the MANSs of o( p, 3) with KS (1 ( p + 1) 1) given in 
(4.6) complexify to A(5, l),M(7), and M(8) of Table 2 in [3] for p = 3, 4, 5, 
respectively. The MANSs given in Equation (4.7) complexify to A(7,0), 
A(7,l) for p = 4 and 5, respectively. The MANS given by Equation (4.8) 
complex&es to A(5,3) for p = 5. 
Let us now present the result for 0(4,4). 
THEOREM 4.7. Six conjugacy classes of non-free-rowed MANSs of 0(4,4) 
with KS (16 1) exist. They are represented, for K = H,, by the following matrix 
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x,E = 
x; = 
0 : a c d, d, EC b : 0 
.:.......................‘..... 
10 a 0 0 -&a 0 1 -b 
0 0 0 0 Ea:-EC 
0 0 0 0:-d, 
0 0 0:-d, 
0 -a. -c 
0 1 -a .,............................ 
. 0 
3 : a 0 cl c2 0 b : 0 
.:.......................:... 
10 a 0 0 
0 a &a -iI” 
0 : -b 
: 0 
0 0 -&a i .-c2 
0 -a 0 L-G1 
0 -a. 0 
0 1 -a .._......................./... 
. 0 
x, = 
0 
. . . 
a 
0 
0 
(4.20a) 
(4.20b) 
E= *l. x = EC1 + C2’ 
0 c2 b: 0‘ . . . . . . . . . . . . . . . . . . 
Cl 0 0:-b 
a 0 0 :-c, 
0 -a -cl: 0 
0 0 :o' 
0 7:-c, 
0 1 -a . . . . . . . . . . . . . . . . . . . 
. 0 
O:a cl 0 0 c2 b : 0 
.:........................:... 
:OOa a 0 01-b 
0 Cl -cl 0 0 : -c2 
0 0 cl -a: 0 
0 -cl -a. 0 
0 o;-c, 
0 1 -a .i . . . . . . . . . . . . . . . . . . . . . . ..- . . . 
. 0 
(4.20~) 
. (4.20d) 
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Their dimensions are dim Xf = 5, dim Xg = dim X, = dim X, = 4. The 
MAN% X; complexify to M(8) of Table 2 in [3]; Xi, X,, and X, complexify to 
A(7, l), A(8), and A(5,3), respectively. 
4.3.2. Kravchuk Signature (2 p 2). The case of KS (2 4 2) occurring for 
0(5,3) is covered by Theorem 4.5. There are two classes of such MANSs, one 
represented by (4.11a) with or absent and M = 1, the other by (4.12) with fle 
absent. 
Now let us consider 0(4,4) with KS(2 4 2). 
THEOREM 4.8. The algebra 0(4,4) admits six conjugacy classes of non- 
free-rowed MANSs with KS (2 4 2). They can be written in the form (2.27) with 
K, = H4 and the matrix X equal to 
‘0O:a CO b:O y‘ 
O:O d a c l-y 0 
. . . . . . . . . . . . . . . . . . ..=.......... 
: 0 Ka 0 0 : -b -c 
x; = 00 0 : 0 
0 --Ka 1 -c 1; ’ 
0 . -a 0 . ..< I......................... 
:o 0 
0 , 
x: = 
0 ; Af : 0 Y 
0 : : -Y 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
10 a --Ea 0 . 
0 0 Ea: 
0 
. -Hd(A$ 
-a . 
0 : 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 
. 0 
0 
l- 
K = O,l, (4.21a) 
(4.21b) 
A; = Aj = U 
0 
(4.21~) 
The dimensions are dim X; = 5, dim X: = 4, i = 2,3. 
We omit the proof, but do mention the following feature. The MANSs 
(4.2lb) have a core S f 0. If we artificially set S = 0 in (4.21b), we obtain an 
abelian algebra that has the same KS (2 4 2) but is not maximal. It is contained 
in a free-rowed MANS of the same signature. This should be contrasted with a 
result valid for MANSs of sl(n, F), F = W or @, where the removal of a core 
from a MANS always leads to a MANS. 
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5. ALLMASA’sOFo(p,q)FOR p+q<6,lGq<p 
We can now apply the results of the previous sections to obtain all MASAs, 
not just the MANSs, of low-dimensional o( p, q) algebras. The results are 
summed up in Table 2 and should be compared with those of Table 4 in our 
previous article [3]. Indeed M,, k in column 6 of Table 2 corresponds to a 
MASA of o(n, @i) introduced in Table 4 of [3]. Thus Mi,y of column 2 goes 
over into Mi,k of column 6 under complexification of the ground field. In 
column 3 we give the decomposition pattern for OD MASAs and the KS for 
MANSs. Column 4 gives the general element of the corresponding MASA. The 
notation X& refers to an entry in the same column, but in an earlier row. 
We do not list the MASAs of the compact Lie algebras o(n) - o(n, 0) 
in the table. Indeed o(2 n) has a single conjugacy class of MASAs, correspond- 
ing to the orthogonal decomposition (2 0) + - - * + (2 0), namely the compact 
Cartan subalgebra. The same holds for o(2n + l), where the decomposition is 
(2 0) + - - * +(20) + (I 0). 
The OD MASAs in Table 2 do need o(2) blocks, and the notation used is 
x,, = O 
i i ii1 UEW, -a K = I,. 
The subalgebras of 0(4,2) are of particular interest, in view of the role of 
the group 0(4,2) as the conformal group of Minkowski space-time. Exactly 11 
conjugacy classes of MASAs of 0(4,2) are represented in Table 2. This is to be 
compared with the 12 conjugacy classes of MASAs of the su(2,2) algebra, 
presented in Table 5 of [2]. This apparent discrepancy between the number of 
conjugacy classes of MASAs of two isomorphic Lie algebras is due to the 
following. Subalgebras 11 and 12 of su(2,2) are conjugate under an external 
automorphism of su(2,2) [one is contained in ~(2, l), the other in u(l,2)]. 
Subalgebra 11 corresponds to the MASA M& of Table 2. Subalgebra 12 
would have its counterpart in 0(2,4) rather than 0(4,2) and is hence not 
present in Table 2. 
A physical basis for the conformal Lie algebra 
conf(3,l) - 0(4,2) - su(2,2) 
is given by the translations P,, the rotations L,, the Lorentz boosts Ki, and the 
proper conformal transformations C, (p = 0, 1,2,3, i = 1,2,3). The relation 
to various realizations of 0(4,2) and su(2,2) is given for instance in 117, 181. 
The matchup between the results in Table 2, [2, Table 51, and the physical 
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basis is as follows: 
M,‘,, - No. 5 - {L,, PO + c,, P3 - C,), 
Ma& - No. 8 - {&, K,, D), 
M& - No. 4 - {K, + L,, K, - L,, D}, 
M& - No. 6 - {&, K, + D,P,, + C, + P3 - C,}, 
M:sz - No.10 - {L,,K, - D,P, - P,), 
M_& - No. 7 - {L3'P"-P3,Po+c,+P,-c,), 
Mi’,z - No. 9 - {L,, PO, P3}, 
M& - No. 11 
- No. 12 - {p, - P3, L, + K, - EPa,2L3 + E(Pc + c, + P3 - Q)), 
M&-No. 2 - {K, + La, P” - pa> P,>, 
M,‘.‘, - No. 1 - {Pa, P,, Pa, Pa}, 
M$ - No. 3 - {PO - Pa, Pa, K, + L, - P” - pa}. 
The two algebras 11 and 12 of [2] correspond to E = +- 1 above, and physically 
they are conjugate under the PT transformation (parity times time reversal). 
It would be instructive to list the MASAs of 0(4,4), since there all types of 
decompositions occur, but the resulting table is too long to be presented here. 
6. SUMMARY 
Our results on the classification of MASAs of o( p, q) can be summed up as 
follows. 
(1) All types of MASAs of o( p, q) that can exist are illustrated in Figure 1, 
where we also show their complexifications to MASAs of o( p + q, (Ii). The 
corresponding definitions are given in Section 2.1. All six types exist only if p 
and q satisfy p = q = 2 k. For p = q = 2 k + 1 only three types exist (OD; 
AOID but D; AID). For p = 2 k, p = 21, k # 1 again three types exist (OD; 
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ID but NAID; AID). For p # 9, when p and 9 are not both even, only two 
types of MASAs occur (OD and AID). 
(2) The decomposition theorems of Section 2.2 reduce the classification of 
MASAs to that of maximal abelian nilpotent subalgebras (MAN%). Following 
the horizontal lines in Figure 1 from top to bottom, we sum up these results as 
follows. The classification of OD MASAs is reduced to the classification of 
OID MASAs of o( p’, 9’) with p’ + 9’ < p + 9, p’ < p, 9’ < 9. ID but NAID 
MASAs of o(2k, 21) are obtained by classifying MANSs of su(k, 1) (see Refer- 
ence [2]). NAOID but D MASAs of o(2 k, 2k) are classified by classifying 
MANSs of gl( k, @ii) (see Reference [9]). 
AOID but D MASAs of o( p, p) are obtained by classifying MAN!% of 
sl( p, IB) (Reference [9]). The classification of AOID but NAID MASAs of 
o(2 k, 2 k) reduces to the classification of OID MASAs of u( k, k), which in turn 
was reduced to the classification of MANSs of su(k, k) or MANSs of gl(k, Et) 
(see Reference [2]). Finally, AID MASAs of o( p, 9) are MANSs of o( p, 9) and 
their classification is the main task addressed in this article. 
(3) Each MANS of o( p, 9) is characterized by a Kravchuk signature (X /.L X) 
as in (2.26) and can be transformed into Kravchuk normal form, as in Equation 
(2.27). Two types of MANSs exist: free-rowed and non-free-rowed ones. 
(4) Free-rowed MAN% are analyzed in Theorem 3.1 for all Kravchuk 
signatures. The special cases of p = 0, 1, 2, and 3 are treated in detail in 
Section 3. The results for 0 < p < 2 are very simple. For p = 3 they are 
summed up in Table 1; this can occur only for 9 = p - 3 or 9 = p - 1. 
(5) The classification of non-free-rowed MANSs is much more difficult and 
is treated in Section 4. These MANSs are characterized by a refined Kravchuk 
signature introduced and applied in Theorem 4.1 for the Kravchuk signature 
(1 p 1). More detailed analysis of non-free-rowed MANSs is performed for 
small values of 9 in Section 4.2. It is shown that o( p, 1) has no such MANSs 
and o( p, 2) has one class of such MANSs for p > 3. The case 9 = 3, p > 3 is 
summed up in Theorems 4.4, 4.5, and 4.6. Small values of p are treated in 
Section 4.3, where MANS of 0(4,4) are given an exhaustive treatment. 
(6) All MASAs of o( p, 9) for p + 9 < 6 are represented in Section 5 and 
in Table 2. 
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